ABSTRACT In this paper, non-recursive fixed-time convergence (FxTC) observers were proposed to deal with missions, such as state estimation and tracking differentiation. The observers were designed based on the time-scale paradigm, such that the parameters tuning process could be greatly simplified. The FxTC observers have fast convergence rate, and the convergence time is uniformly bounded by a fixed constant independent of the initial observation errors. Based on the extended state idea, the FxTC observers were redesigned into extended state observers for total disturbance estimation. Some practical rules of thumb were also presented to dispose of the big overshoot of observers' states. Numerical simulations were carried out to verify the feasibility of the observers and the extended state observers.
I. INTRODUCTION
Non-recursive observers have been studied for decades. Many remarkable differentiators and observers have been proposed, such as high-gain observer [1] , sliding mode control (SMC) based robust exact differentiators (RED) [2] , [3] , finite time convergence observers [4] , [5] , and so on. Non-recursive observers are well known for their simplicity of operation, especially for cascade integrator systems [1] - [5] . Compared with typical recursive observers [6] , [7] , non-recursive observers not only have more concise structure, but also enjoy much simpler parameters design processes. Moreover, non-recursive observers and the related disturbance observers have been widely used in crafts guidance and autopilot design [8] - [10] , angular rate estimation [11] , disturbance observer based control (DOBC) [12] - [15] , and active disturbance rejection control (ADRC), [16] , [17] etc.
In the design and application of non-recursive observers, a challenging task is to find a balance between steady characters and dynamical characters of the observers with respect to applied conditions [18] , [19] . REDs are well known for their exactness and robustness [2] , [3] . However, the boundaries of the uncertainty or its successive derivatives are required to design the gain of the discontinuous control term. If the conservative high gain is utilized in the switching term, even for the high-order REDs, the chattering problem and un-smooth estimation will be inevitable in practical applications [3] . By contrast, continuous observers do not require the information on the uncertainty, and smooth estimation can be obtained, [1] , [4] , [5] . In the presence of the time-varying uncertainty, continuous observers can only guarantee that the observation errors converge to a neighborhood of the origin, whose magnitude is mainly decided by the high gains. Meanwhile, high gains easily arouse large overshoot, which has a quite negative impact on the performance of the controlled system.
A drawback of the aforementioned observers is that the convergence time of those observers tends to infinity when the norm of the initial observation errors grows unboundedly [18] . Recently, the research on fixed-time convergence (FxTC) property [20] and the corresponding observers [18] , [19] , [21] - [27] provides a new perspective for observer design. An observer is said to be FxTC if the observation errors can converge to the origin uniformly within finite time regardless of initial conditions, i.e. no matter how big the initial errors are, the convergence time of the observer is totally bounded by a finite fixed constant. Both the shortages of traditional observers and the advantages of FxTC property motivate us to put forward the study on continuous non-recursive FxTC observers design. The main issues in the design process are how to fully utilize the FxTC property, and how to handle the effect of the huge overshoot in the observer transition process.
Super-twisting algorithm (STA) based second order FxTC RED can be obtained by introducing extra high order power correction terms [18] , [21] . In [21] , only one extra term was adopted to obtain the FxTC property, which is much simpler than the approach in [18] . Angulo introduced a switching paradigm to take advantages of two different observers [22] , where the high order power terms based continuous observer guaranteed the FxTC property for the integral observer, and high order RED ensured the exactness and robustness of the integral observer. The observer proposed in [22] has been extended into disturbance observers as in [23] and [24] . Double power correction terms were used to design FxTC observers [19] , where the weighted homogeneity was used for observer stability analysis and parameters design. Similarly, an observer based on the switching between high order power correction term and low order power correction term was proposed in [25] . A FxTC hybrid observer was proposed in [26] to estimate the state of a hybrid system. High order power terms play a key role in the design of the aforementioned FxTC observers. There are still other ways to acquire FxTC property, such as FxTC observer with gain commutation [27] , and implicit Lyapunov function based FxTC observer [28] .
In this paper, we will construct FxTC observers based on different orders power correction terms and time-scale paradigm [16] , [17] . As shown in [19] , [22] , and [25] , if the power correction terms based observers are homogeneous with respect to some positive weights, then the stability analysis of the nonlinear system can be equivalent to the stability analysis of the corresponding linear system, and the gains tuning process can be simplified as finding Hurwitz coefficients. Traditional high gain approach can be used to design the gains for the FxTC observers [19] , [22] , and [25] . However, the traditional high gain approach does not fully utilize the nonlinearity of the fractional power functions. The time-scale paradigm can be recognized as a special high gain method, in which not the gains but the observation errors are directly amplified [16] , [17] . Based on the timescale paradigm, the dominant scope of the fractional power terms is changed, such that the nonlinearity of the correction terms can be effectively utilized to obtain various observer characters.
Novel FxTC extended state observers (ESO) can be obtained on the basis of the FxTC observers proposed in this paper. Based on the idea of extended state [29] , [30] , the state observer can be redesigned as a disturbance observer (DOB) by extending the total disturbance as a new state. The so-called total disturbance may contain internal/ external disturbance and anything that is hard to model or deal with but is possible to be exhibited in the observable measured system output. In addition, the knowledge on the total disturbance is not definitely required, unlike H-infinite method [31] and SMC based disturbance observers [12] , [13] . In this paper, we will put forward the design and analysis of FxTC ESO.
Some researchers have discussed the methods on increasing the efficiency for some kinds of observer [25] - [27] , [30] , and [32] . However, the problem of huge overshoot during the observer's transition process has not been fully addressed, which exerts a negative impact on the observer based controlled system. This is a common problem for linear high gain observers [1] , [16] , and [17] , and the situation will be even worse for FxTC observers, see the simulation results of [19] . Two solutions will be proposed to deal with this problem. One is the observer initialization approach, by which the first observer state is set as the tracked signal, and other observer states are set to zero. The other is to artificially weaken the observer results by a time function that converges from 0 to 1. Since the FxTC observer is fast convergent, the effective time interval for the time function can be tuned much shorter. The details of the two solutions and their performances will be present later in this paper.
The main contributions of this paper will be discussed in section III. Firstly, two types of practical FxTC non-recursive observers based on the weighted homogeneity and time-scale paradigm are proposed; secondly, the practical FxTC ESOs based on the proposed observers are presented; at last, solutions for overcoming huge overshoot during the observer's transition process are discussed. The proposed observers enjoy concise structure, convenient parameters tuning process, and fast convergence rate. Other sections are arranged as follows. Section II firstly depicts the problem in nonrecursive observer design, and then introduces some useful definitions and lemmas. Numerical simulations based on the proposed observers and their extensions are presented in section IV.
II. PROBLEM STATEMENT AND PRELIMINARIES

A. NOTIONS
Throughout the paper, the following notations will be used. R is the set of real numbers and R + = {x ∈ R : x > 0}. For any non-negative real number α, the function x → x α is defined as |x| α = |x| α sign(x), ∀x ∈ R. It follows the definition that d x α /dt = α |x| α−1ẋ , x 0 = sign(x).
B. PROBLEM STATEMENT
Considering the following n-dimensional SISO uncertain nonlinear systeṁ
where x(t) = (x 1 (t), . . . , x n (t)) ∈ R n is the state vector, u(t) ∈ R is the control input, y(t) is the output, ϕ(t, x(t)) ∈ R is a known or unknown system function, and w(t) ∈ R is the uncertain external disturbance. x 0 = (x 1,0 , . . . , x n,0 ) is the initial state vector. According to the design of non-recursive observer and the time-scale paradigm [16] , [29] , the following observer was proposed to realize the states observation of system (1) .
where z i is the estimation of x i , the amplifier ε > 0 is usually a small constant, k i are gains to be selected such that the following matrix A and A c are Hurwitz
where c ∈ (0, 1].g i are the correction terms which will be designed later. The following assumption is presumed. Assumption 1 [29] : The solution x i of system (1), the control input u and the disturbance w are bounded, the possibly unknown function ϕ satisfies
for some positive constants b j , j = 0, · · · , n and positive integer k.
In the mission of disturbance estimation, let x n+1 denote the total disturbance ϕ + w, i.e. define
Then, the following ESO was proposed for the system (1) to estimate the states and the total disturbance.
where z n+1 is the estimate of x n+1 . Furthermore, the following assumption is presumed. Assumption 2 [29] : The solution x i of system (1) and the control input u are bounded, the possibly unknown functions ϕand the disturbance w are continuously differentiable with respect to their variables, and
for some positive constants b j , j = 0, · · · , n and positive integer k. Remark 1: The above two assumptions are similar to the assumptions in [29] . In fact, if a system is controlled by a feedback controller, the system states x i , i = 1, · · · , n, are always bounded. The constraint for function ϕ in assumption 1 is essentially a Lipschtiz condition. The constraints for input and disturbance correspond to physical limitations, Indeed, these variables have finite energy in practice. In assumption 2, the derivatives of the function ϕ and the disturbance w are assumed to be bounded, which can be understood as a variation of Lipschtiz condition for n + 1 order systems. Moreover, these assumptions have already been discussed in many literatures, such as [1] , [18] , and [25] .
Remark 2: In fact, the problem of tracking differentiation for a given signal f (t) can also be modeled as system (1) . Let x 1 denote the given signal, thenẋ i will represent the i-th derivative of the given signal, i.e.ẋ i f (i) , i = 1, · · · , n. As a result,ẋ n is simplified aṡ
And assumption 1 can be simplified as f (n) ≤ L, L ∈ R + is a finite constant.
C. DEFINITIONS AND USEFUL LEMMAS
Some definitions and useful lemmas are introduced to assist in the observer design. Considering the following general nonlinear systeṁ
where x ∈ R n is the state vector, f ∈ R n represents the vector field, the component of f is denoted as f i ∈ R. According to [20] and [21] , the stability of the system (7) is defined as follows.
Definition 1 (FxTC): System (7) is said to be uniformly finite-time convergent to the origin, if for any initial conditions x 0 ∈ R n , there exists a time moment T such that the system state x(t) ∈ R n is equal to zero for all t > T . If the time moment T can be explicitly bounded by T max , 0 ≤ T max < +∞, then the system is said to be fixed-time convergent to zero.
Definition 2 (Practical FxTC): System (7) is said to be uniformly finite-time convergent to a vicinity S ⊂ R n of the origin, if for any initial conditions x 0 ∈ R n , there exists a time moment T such that the system state x(t) ∈ S for all t > T . If the time moment T can be explicitly bounded by T max , 0 ≤ T max < +∞, then the system is called fixed-time convergent to a vicinity of the origin.
For any r i > 0, i = 1, 2, . . . , n and λ > 0, define the dilation matrix r diag{λ r i } n i=1 and the set of weights r = {r i } n i=1 . The definition of weighted homogeneity [33] is given as follows.
Definition 3: The function V (x) : R n → R is homogeneous of degree d with respect to the weight r, if for any x ∈ R n the relation
holds for some d ∈ R and all λ > 0.
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The vector field f (x) : R n → R n is homogeneous of degree d with respect to the weight r, if for any x ∈ R n the relation
holds for some d ≥ − min 1≤i≤n r i and all λ > 0. In both cases, the constant d is called the degree of homogeneity.
The basic concepts of bi-limit homogeneity and useful lemma are presented in [6] and [34] .
respectively,
for all compact subsets K ∈ R n \{0}, where, r p is the weight, d p ∈ R is the degree, and
the approximation vector field).
Definition 5: A function or a vector field is said to be homogeneous in the bi-limit if it is homogeneous in the 0-limit and in the ∞-limit simultaneously.
Lemma 1: Let φ(x) : R n → R and ς(x) : R n → R + be two bi-limit homogeneous functions with respect to triples (r 0 , 
Lemma 2: For system (7), suppose that vector field f (x) is homogeneous in the bi-limit with associated triples
are globally asymptotically stable, then the following statements hold: (1) The origin of (7) is fixed-time stable when the following condition is satisfied
There exists a continuous, positive definite and proper function V (x) such that the function x → ∂V ∂x i , ∀i ∈ {1, 2, · · · , n}, is homogeneous in the bi-limit with associated triples (r p ,
, for p = 0or∞, are negative definite.
III. MAIN RESULTS
This section will present the proposed practical FxTC observer and corresponding ESO. The parameters tuning methods and applied skills are discussed.
A. PRACTICAL FxTC NON-RECURSIVE OBSERVER DESIGN
By referring to [16] and [19] , the design of bi-limit homogeneous FxTC non-recursive observer in the time-scale paradigm (2) is presented in theorem 1. Theorem 1: Suppose that assumption 1 holds for system (1) . According to the time-scale paradigm (2), the correction term g i is designed as
The k i based matrix A in (3) is Hurwitz, α ∈ 1 − 1 n−1 , 1 and α i = iα −i+1, β ∈ 1, 1 + 1 n−1 and β i = iβ −i+1, ε is positive and sufficiently small. Then, for any initial states x 0 and the observer states z (z 1 , · · · , z n ) ∈ R n , if L 1 = 0, then the observer errors uniformly converge to the origin within fixed time. Otherwise, when L 1 = 0, the observer errors uniformly converge to the neighborhood of the origin within fixed time.
Proof: Define
Considering the bi-limit observer (2) and (14), a direct computation shows that η (η 1 , η 2 , . . . , η n ) satisfieṡ
where f n ϕ + w + u. In view of assumption 1, there exists a positive constant M such that |εf n | ≤ M . The system (16) can be rewritten asη
where h i (η) =η i . h(η)| εf n =0 represents the undisturbed system (16) with εf n = 0. Then, the subsequent proof will be divided into three steps. In the first two steps, let εf n = 0. The asymptotical stability and FxTC stability of the undisturbed system h(η)| εf n =0 are discussed. In the last step, with εf n = 0, the practical fixed time stability of the system h(η) is analyzed.
Step 1: Due to the nonlinearity of the power functions, the system (17) can be represented aṡ
. . .
In both cases, we can confirm that the η 1 dependent parameter c definitely belongs to the interval (0, 1]. By taking definitions 4 and 5 into account, it can be easily verified that the system h(η)| εf n =0 is bi-limit homogeneous with associated triples (r 0 , d 0 , f 0 ) and (r ∞ , d ∞ , f ∞ ). In the 0-limit triples, the weight r 0 = {(i − 1)α
, degree d 0 = α − 1, and approximation vector filed iṡ
In the ∞-limit triple, the weight r 0 = {(i − 1)β
, degree d ∞ = β − 1, and approximation vector filed iṡ
It is worth noting that the approximation vector fields h 0 and h ∞ are r 0 -homogeneous and r ∞ -homogeneous, respectively. The k i based matrix A is Hurwitz. According to the relationship between linear and nonlinear systems [4] and the stability of homogenous systems [34] , it can be confirmed that the origin forη = h 0 andη = h ∞ are globally asymptotically stable equilibrium. Similarly, it can be claimed that the origins of h(η)| εf n =0 is a globally asymptotically stable equilibriums as well. Taking system (18) into account, matrix A c is Hurwitz at all times along with c ∈ (0, 1], such that the origin of system h γ =1 is a globally asymptotically stable equilibrium for every moment. Since λ i is chosen as λ i = iλ − i + 1, λ = α or λ = β, i = 1, · · · , n, system h γ is globally asymptotically stable at the origin owing to the tube Lemma in [4] .
Step 2: As is known in step 1, the system h(η)| εf n =0 is bi-limit homogeneous with respect to the triples (r 0 , d 0 , f 0 ) and (r ∞ , d ∞ , f ∞ ). The origins of h(η)| εf n =0 ,η = h 0 andη = h ∞ are globally asymptotically stable equilibria. In addition,
Thus, it can be claimed that the origin of system h(η)| εf n =0 is fixed-time stable according to the statement 1 of lemma 2.
To facilitate the following discussion, the Lyapunov function based analysis will be carried out according to [6, Corollary 2.24] . According to the statement 2 of lemma 2, there exists a continuous, positive definite and proper function V (x). The following functions are defined
where
Such that the function φ(η) is bi-limit homogeneous with respect to triples (r p , 
Since the exponents satisfies
Then, (24) can be rewritten as
On the basis of [19, Th. 13] , the origin of the system h(η)| εf n =0 is fixed-time stable and the convergence time satisfies
Step 3: If εf = 0, then the derivative of the Lyapunov function V (η) can be expanded along with h(η)
According to Lemma 2, it can be inferred that ∂V (η) ∂η n is bi-limit homogeneous with respect to the triples r p , d V p − r p,n , ∂V p (η) ∂η n , for p = 0 or ∞. Then, the bi-limit homogeneous functions can be defined as follows
where φ (η) and ς (η) are bi-limit homogeneous with respect to triples r p , d V p − r p,n , ∂V p (η) ∂η n and triples
respectively. If the degrees d V 0 and d V ∞ are chosen according to (22) , then the following equations can be satisfied
On the basis of lemma 1, there exists a strictly positive real number c making
Then, the following equation can be derived
By taking (25) and (31) into account, (27) can be derived aṡ
Then, we can obtain that
If 2c M c V ≥ 1, then V 1 and V 2 are both bigger than 1. It can be deduced from (32) thaṫ
Thus, the convergence time t 1 during which V (η) converges from V 0 V (η 0 ) to V 1 is
Therefore, η will uniformly converge to the neighborhood of the origin E 1 within finite time t 1
In addition, the convergence time t 1 is bounded by t max,1 .
On the other hand, if 2c M c V < 1, then V 1 and V 2 are both smaller than 1. By taking (33) into account, (27) can be derived aṡ
Thus, the convergence time t 2 during which V (η) converges from V 0 to V 2 is
Therefore, η will uniformly converge to the neighborhood of the origin E 2 within finite time t 2
The convergence time t 2 is bounded by t max,2 . In summary, since η i (t) = e i (εt) ε n−i , i = 1, · · · , n, the observation errors e(e 1 , · · · , e n ) will converge to zero uniformly within finite time T 1 ≤ T max,1 , when εf n = 0; Otherwise, the observation errors will converge to the neighborhood of the origin E uniformly within finite time T 2 ,
T 2 is uniformly bounded by T max,2 = max t max,1 , t max,2 . 
it is very easy to verify the stability of the system represented by (47). For example, the theorem 3.3.3 in [36] can be used to judge the stability of system (47), where the sufficient condition takes the form
Remark 4: If ε → 0, then εf n → 0, such that the effect of the varying function f n is almost being cancelled. Therefore, the observer (2) can converge exactly.
Theorem 2: Suppose that assumption 1 holds for system (1) . According to the time-scale paradigm (2), the correction term g i is designed as
The k i based matrix A (3) is Hurwitz, β ∈ 1, 1 + 1 n−1 and β i = iβ − i + 1, ε is positive and sufficiently small. Then, for any initial states x 0 and the observer states z (z 1 , · · · , z n ) ∈ R n , the observer errors uniformly converge to the neighborhood of the origin within fixed time.
Proof: On the basis of the proof for theorem 1, define
According to the observer structure (2) and (49), a direct computation shows that η (η 1 , η 2 , . . . , η n ) satisfieṡ
where f n ϕ + w + u. In view of assumption 1, there exists a positive constant M such that |εf n | ≤ M . The system (51) can be rewritten as followṡ
where h i (β, η) =η i . h(β, η)| εf n =0 represents the undisturbed system (51) with εf n = 0.
Step 1: From definition 3, the system h(β, η)| εf n =0 is homogeneous of degree d β = β − 1 > 0 with respect to the weight
. As shown in [4] , the following differentiable positive definite function is considered
P is a positive definite symmetric matrix. If η = 0, then
is homogeneous of degree d V = 2β with respect to r β . Since the matrix A is Hurwitz, the systeṁ
is globally asymptotically stable. Let P be the solution of the following Lyapunov function:
is proper Lyapunov function for the system in (55).
There exists a compact set of R n
According to [5, Lemma 9, Th. 10], V (β, η) is a proper Lyapunov function for the system h(β, η)| εf n =0 when
where τ 1 , τ 2 ∈ 1 − 1 n−1 , 1 . From [37] , it can be deduced that the derivative of the Lyapunov function ∂V (β, η) ∂η · h(η)| εf n =0 is negative definite, and homogeneous of degree 3β − 1 with respect to r β . Then, in view of [35, Lemma 4.2] , there exist positive numbers c 1 , c 2 > 0 such that
and
Thus, the system h(β, η)| εf n =0 is globally asymptotically stable.
Step 2: The derivative of the Lyapunov function V (β, η) is deduced along the system h(β, η)
Since ∂V (β, η) ∂η n is homogeneous of degree (3 − n)β + (n − 2) with respect to r β . Since β ∈ 1, 1
As deduced in (58) and (59), there exist real numbers c 3 , c 4 such that
Then, then function (60) can be derived aṡ
where c β = max{|c 3 | , |c 4 |}, |εf n | ≤ εL 1 M . Let κ be a positive real number satisfying κ ∈ (0, 1), such that (63) can be transformed intȯ
Assume
and, we can obtain
By combining (64) and (65), the convergence time during which V (β, η) converges form V 0 V (β, η 0 ) to V β can be deduced as
Since there exists the following inequality for the functions in the quadratic form
λ min {P} and λ max {P} are the minimum and maximum eigenvalues of the positive definite symmetric matrix P, respectively. ξ 2 2 is the square of the Euclidean norm ξ
From (53), (54) and (65), it can be known that the observation errors will converge into the neighborhood of the origin uniformly within finite time, so that there is
for ∀t ≥ T 3 , and T 3 is uniformly bounded by T max,3 .
Remark 5:
If the amplifier could be tuned such that V β ≤ 1, then |η 1 | ≤ 1 will be met, see (67) and (68). The feedback control power of high order power correction terms is weakened for the signal |η 1 | ≤ 1, while enhanced for the signal |η 1 | ≥ 1. If the input signal of the system (1) is measured with sufficiently small noise, then the proposed practical FxTC observer may show good tolerance to noise.
Remark 6: From the point of observer design, the difference between observers in theorem 1 and theorem 2 exists in the correction term, as shown in (14) and (49). Since there is low order power functions in the correction term, if the uncertainty is a constant variable, the observer in theorem 1 can make the observation errors converge to zero globally within fixed time. Whereas the observer in theorem 2 can only guarantee practical fixed stability under that condition. From the point of application, the observer in theorem 1 can be used independently. Observer in theorem 2 is better used together with other exact convergent observers, e.g. switching observer design in [22] .
B. FxTC ESO DESIGN
As a direct extension of the non-recursive observer, ESO, is often utilized to deal with the total disturbance. On the basis of the proposed two types of practical FxTC observers, FxTC convergent ESO can be designed.
Theorem 3:
Suppose that assumption 2 holds for system (1), the output y(t) and control u(t) in the system (1) are measurable. According to the time-scale paradigm (6), let the correction term g i be designed as (14) , k i is chosen such that matrix A is Hurwitz, exponents α i and β i are chosen as
ε is positive and sufficiently small. For any initial state x 0 and the observer state z (z 1 , · · · , z n+1 ) ∈ R n+1 , if x n+1 (t) = constant, then the observer errors converge to the origin within fixed time.. Otherwise, if x n+1 (t) varies with respect to time, the observer errors converge to the neighborhood of the origin within fixed time.
Proof: Since the total disturbance is extended as a new state in(5), the system (1) can be rewritten aṡ
L(t) ϕ(t, x(t)) + w(t).
Define
Consider the ESO design as shown in (6) and (14), the observation error η (η 1 , . . . , η n+1 ) satisfieṡ
where (t) is the transformation ofL(s)| s=εt
In view of assumption 2, there exists a positive constant M such that|ε (t)| ≤ M , for all t ≥ 0. The system (16) can be rewritten as followṡ
where h i (η) =η i . h(η)| =0 represents the undisturbed system (16) with = 0. Through comparing the system (71) with system (16), it can be known that the rest proof is same as the proof in theorem 1. Therefore, the rest proof is omitted for space.
Theorem 4: Suppose that assumption 2 holds for system (1) , and the output y(t) and control u(t) in the system (1) are measurable. According to the time-scale paradigm(6), let the correction term g i be designed as (49), k i is chosen such that matrix A is Hurwitz, exponent β i is chosen as
ε is positive and sufficiently small. For any initial state x 0 and the observer state z (z 1 , · · · , z n+1 ) ∈ R n+1 , the observer errors converge to the neighborhood of the origin within fixed time.
Proof: According to the derivation as shown in the proof of theorem 3, the observation error η (η 1 , . . . , η n+1 ) satisfiesη
Through comparing system (73) with system (51), the rest proof is the same as the proof in theorem 2. Therefore, the rest proof is omitted for space.
C. OBSERVER RULE OF THUMB
The FxTC observers have a fast convergence rate. However, the fast convergence rate is achieved at the cost of violent transition process. The rapid variation of observer states may result in decreased performance of the observer-based control system. Two solutions were summarized by numerical simulations. Proposition 1: Let the initial states of the observer (2) be chosen such that
Then, the variation of the observer states in the transition process will be weakened. Proposition 2: Let the observer states be multiplied by a series of filters, so that the observation results provided for the controlled system can be extremely minified before the end of the observer's transition process.
For example, the following switched function can be used as the filter required in proposition 2.
where z i is the real observer state. z s i is the observer state provided for the controlled system. m i ≥ 1 is a constant. τ i is the switching time. t τ i m i is built based on the nonlinearity of high order power functions. Since the FxTC observer has a fast convergence rate, the switching time τ i can be chosen to be sufficiently small. The filtering capability of the function can be enhanced by choosing a constant m i as big as necessary.
IV. SIMULATION RESULTS
The feasibilities of the proposed observers and the related ESOs were investigated by simulation cases I and II, respectively. Case I: A tracking differentiation problem is considered. Simulations were carried out in the presence/absence of observer rules of thumb. The observers proposed in theorem 1 and 2 are represented by double power observer (DPO) and high power observer (HPO), respectively. SMC based robust exact differentiator (SMCRED) [2] , [3] was used for comparison. SMCRED takes the form aṡ
In addition, if the n-order differentiation is required, then the SMCRED should be n + 1 order to provide the required differentiation outputs [19] . Case II: A disturbance observation problem is considered. The ESO proposed in theorems 3 and 4 are named as double power ESO (DPESO) and high power ESO (HPESO), respectively. The typical low power ESO (LPESO) [29] was employed for comparison. Let the correction g i be designed as follows
By substituting the correction terms (77) into the paradigm (6), the LPESO is obtained.
In both cases, the simulation runs 20 s and the step is set to 0.001 s. Euler-method is used for integration.
A. CASE I
The input signal is given as
DPO and HPO are designed to be 3rd-order. The necessary parameters are set to α = 0.8, β = 1.2, k 1 = 3.0, k 2 = 3.0, k 3 = 1.0, and ε = 0.02. SMCRED is designed to be 4th-order, and the required parameters are set to λ 0 = 3.0, λ 1 = 2.0, λ 2 = 1.5, λ 3 = 1.1, and L = 5.0. The simulation results are shown in Figure 1 to Figure 3 and Table 1 . Figure 1 shows the results for observers with initial states as z i = 0, i = 1, · · · , 4. Figure 2 shows the results for utilization of proposition 1. Table 1 shows the data statistics for the results in Figure 1 and Figure 2 . SMCRED has the best convergence exactness, while HPO only guarantees the observation errors converge to the neighborhood of the origin. However, the bound of the 4-th derivative of the input signal is required to design the Lipschtiz constant L, which may not be available in practical applications. The convergence rates of DPO and HPO are significantly higher than that of SMCRED. The transition qualities of DPO and HPO are worse than that of SMCRED. The peaking values of DPO and HPO are much bigger than that of SMCRED, as shown in Table 1 . In fact, the utilization of proposition 1 suppresses the total observation error into a much smaller region around the origin. Therefore, not only is the convergence rate accelerated, but also the transition quality is improved, as shown in Figure 2 .
On the basis of proposition 2, the observation results in Figure 2 are disposed of, as shown in Figure 3 SMCRED. In Figure 3 , the results of DPO (blue) and HPO (green) overlap with each other. However, it can be seen that the observation results are dramatically minimized during the transition process of the observer. In fact, the observer state z 1 does not need to be dealt with, if proposition 1 is used, as shown in Figure 3a . In Figure 3c , the big deviation of state z 3 is cancelled such that z 3 almost smoothly converges from 0 to the actual value. In addition, since the FxTC observers are fast convergent and not sensitive to the observer initial errors, the time parameters in the filters (75) can be set small enough.
B. CASE II
Consider the problem of disturbance estimation as followṡ x 1 (t) = x 2 (t),ẋ 2 (t) = −x 1 (t) − x 2 (t) + w(t) + u(t) x 1 (0) = x 1 (0) = 1, w(t) = cos t, u(t) = sin t (79) Define x 3 (t) = −x 1 (t) − x 2 (t) + w(t)
Then, a 3-order ESO can be used to estimate the system states and the total disturbance. The parameters for the ESOs are designed to be the same as those in case I. The simulation results are shown in Figure 4 , Figure 5 and Table 2 . As shown in Table 2 , the convergence accuracies of DPESO and LPESO are basically the same, while HPESO has a relatively lower convergence accuracy than the other two. Through comparing Figure 4 with Figure 5 , FxTC ESOs are outstanding at convergence rate, even when the observer initial errors are arbitrarily big. The convergence time of DPESO and HPESO does not grow too much, whereas the convergence time of LPESO increases by more than five times, as shown in Table 2 . In fact, the situation in Figure 5 is quite practical for an observation mission of switched systems.
V. CONCLUSIONS
It is not possible for an observer to be perfectly suitable for all cases, but a particular observer can be perfectly suitable for a particular case. This paper provides two types of practical fixed-time convergence observers and the corresponding extended state observers. These observers are designed based on the time-scale paradigm. With a fast convergence rate and a simple parameters tuning approach, these observers are quite suitable for dealing with cases with dwell-time constraints. In addition, the utilization of the observer rules of thumb presented in this paper depends on the application requirements. Dr. Cui is a Committee Member of the China Space Institute of Aerodynamics and Flight Mechanics of Specialized Committee. VOLUME 6, 2018 
